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I N Ref. 1, the authors have critically examined the new
iterative space-marching algorithms for numerical solution

of the parabolized Navier-Stokes equations. They claim to have
shown by analysis and numerical examples that employing
parabolized flux difference splitting (PFDS) in the marching
direction can lead to serious conservation errors even though a
finite volume formulation is employed. The authors state that
the parabolized flux vector splitting (PFVS) is conservative in
the telescoping sense and that the quantity that is conserved
depends on the form of splitting that is employed. They also
state that the PFDS scheme uses different values for the left
and right face, and, hence, it is not possible to develop a PFDS
scheme that is conservative. They seem to conclude that the
PFVS scheme with Vigneron splitting1 is better than the PFDS
scheme since the former is conservative.

In a Vigneron type of flux vector splitting, only the pressure
gradient term is split into a downstream and an upstream com-
ponent, and when the upstream components of the fluxes are
neglected in subsonic and/or reverse flow regions, the mass
flux term is retained in its full form. Hence, one does not have
to perform any computation to conclude that the mass flux
conservation is achieved to a great degree of accuracy when
such a flux vector splitting is employed.

In the case of the hypersonic inlet problem, the authors have
presented figures to show only the error in the conservation of
mass flux. Since a good estimate of the accuracy of a solution
can be obtained only when the errors in all of the conserved
quantities are determined, it appears that one cannot draw any
conclusion regarding the accuracy of the PFVS method with
Vigneron splitting by just looking at the conservation error in
only one of the fluxes, especially the mass flux, which, due to
the type of splitting employed, should be conserved exactly.
All the authors have succeeded in demonstrating is that they
probably do not have any coding errors.

Accumulated error depends on the streamwise spacing
employed and the overall grid resolution in the marching
plane. When the same problem was studied using the USA-
RG2D code, two to three orders of magnitude less error in the
mass flux was encountered. A time-marched solution for the
same problem indicated a fairly large region of separated
flow, revealing that the space-marched solution with or with-
out accurate conservation of mass is likely to be inaccurate.

Both the PFVS and the PFDS schemes when applied to sub-
sonic flow problems introduce errors in the solution. For at-
tached flows, in the PFVS scheme with Vigneron splitting, the
error arises from neglecting the upstream component of the
pressure gradient term in the ^-momentum equation, whereas
in the case of the PFDS scheme of Ota et al.,2 it stems from
neglecting the u-c component of all of the fluxes. In the
limiting case of Mach number - 0, the former completely ne-
glects the pressure gradient term, whereas the latter neglects
only a part of it. Such being the nature of these two approx-
imations, is it possible to conclude that one method is better
than the other just because it conserves one of the four quanti-
ties (or five in three dimensions) exactly, even though its con-
servation error in the other quantities may be larger? Is it pos-
sible to conclude that a scheme that conserves mass exactly
and introduces larger errors in x momentum leads to a more
accurate solution than a scheme that introduces smaller error
in all of the conserved variables? Also, the nature of the error
depends on the problem under consideration, and, hence, it is
not possible to arrive at a definite conclusion about the
methods based on just one or two problems.
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THE criticism of Thompson and Matus1 by Ramakrishnan
et al.2 is quite interesting since none of the basic findings

of Ref. 1 are disputed. The criticism appears to be based on
the perception that the authors concluded that parabolized
flux difference splitting (FDS) was inferior to parabolized flux
vector splitting (FVS). This conclusion was never explicitly
stated in Ref. 1. In fact, the question of solution accuracy is a
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topic that was not addressed in the paper. Any parabolized
Navier-Stokes (PNS) algorithm is subject to error purely
because of the single-pass philosophy. A second source of er-
ror is the modification of the flux vector that occurs to allow
the space-marching solution to be obtained. Both the parabo-
lized FDS and FVS algorithms are subject to these errors.
However, the simple fact of the matter is that the parabolized
FDS algorithm is not conservative in subsonic regions of the
flowfield. This is what was demonstrated, among other
points, in the paper in question. By construction, the parabo-
lized FVS algorithm exactly conserves the mass flux upon con-
vergence of the iteration at a given marching station. The mass
flux was chosen as the quantity to monitor since the other
momentum and energy equations effectively have source
terms, i.e., the viscous terms. However, the remaining quanti-
ties in the modified flux vector are also exactly conserved
when the effects of the viscous terms are taken into account.
The fact that the mass flux error occurring when parabolized
FDS is used is grid dependent, as correctly noted in the Com-
ment, certainly does little to mitigate the consequences of its
presence.

In Ref. 1, a numerical integration of the fluxes used in the
solution algorithm along an £ = const line was used to compute
the mass flux at each marching station. The error in mass flux
was defined as the computed mass flux minus the exact mass
flux divided by the exact mass flux. The errors were displayed
as a percentage of the total mass flux at each marching station.
In results not included in Ref. 1, doubling and halving the grid
spacing in each direction produced a maximum local change in
the mass flux error of less than a factor of 3. However, accord-
ing to Ramakrishnan et al.,2 the mass flux errors computed us-
ing a similar computer code3 were "2 to 3 orders of magnitude
less" than the mass flux errors shown in Figs. 2 and 4 of Ref.
1. Therefore, it seems unlikely that grid sensitivity alone is re-
sponsible for the discrepancy in reported mass flux errors.
Since there are many possible interpretations of a mass flux er-

ror and since Ramakrishnan et al.2 do not describe their
method of determining the mass flux error, we can only attri-
bute the discrepancy in reported values to their use of a dif-
ferent error measure.

Although not considered in the paper, several points raised
in the Comment concerning the relative accuracy of the two
methods merit brief discussion. The statement in the Com-
ment that neglecting the u — c eigenvalue eliminates only a
part of the streamwise pressure gradient in the limiting case of
M -> 0 is misleading. The effect of this term, in conjunction
with the associated right eigenvector, is to modify each of the
terms in the interface flux, not just the pressure term. It is in
no way apparent that the net effect of neglecting the flux in-
crement associated with this eigenvalue coupled with a non-
conservative formulation is superior to the Vigneron approach
in a conservative formulation as conjectured in the Comment.
To our knowledge, this question has never been addressed.

Incidentally, the character of the flowfield associated with
the hypersonic inlet, particularly the streamwise separation, is
well known and has been previously reported.4 This case was
included because it had been computed by other researchers
and* presumably, was familiar to the PNS community.
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Page 325:
The last term in Eq. (9) should be preceded by a minus sign

and is missing an over bar:

du'j du'k dUj duj duj dtij
V dXj dXj dxk

 V dxi dxk dxk

du- du- duk u
— 2v —— —— —— — 2vuk ——

(9)

dxk oXj oXj j ox j ox k

Page 326:
The third minus sign was omitted in Eq. (32):

2v 8K dr 2v dr dr
— —— —— - —— —— ——
K dxi dXi T oXf dXj (32)

The sentence following Eq. (35) should end with

DURING typesetting of this article, several errors were
introduced that critically affect its content. Corrected

reprints are available from the authors.

Page 327:
In Eq. (35), the last variable in the partial derivative should

be changed from "x" to "*/."


